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A B S T R A C T

The effects of angular momentum non-conservation in reverse non-equilibrium molecular dynamics (RNEMD)
for thermal conductivity calculation are investigated. The velocity swapping operation in RNEMD results in an
abnormal angular momentum flux when the center-of-mass velocity of heat source is considerable. The angular
momentum is found to motivate a nonphysical wave motion at high heat flux, which was regarded as a novel
heat conduction mechanism in earlier researches. This additional heat transport channel may lead to a non-
physical increase in the computed thermal conductivity. Therefore, we propose an improved RNEMD, in which
the hottest/coldest atoms are selected in center-of-mass frames. The results show that the improved RNEMD can
greatly reduce the nonphysical correlation at any heat flux, eliminate the wave motion mode, and give constant
thermal conductivity. Our research reveals a nonphysical effect from angular momentum non-conservation in
RNEMD, and provides an improved RNEMD for heat transport in solid materials.

1. Introduction

Molecular dynamics (MD) simulation is a powerful way to study
nanoscale heat transport. Based on Newton’s law of motion and in-
teratomic potentials, it traces trajectories of all atoms, providing a di-
rect approach to study nanoscale heat conduction mechanisms.
Molecular dynamics has been successfully applied to study thermal
conductivities [1–4], phonon mean free path [5], phonon modes [6,7]
and heat transport across interfaces [8–10]. There are two typical
methods to simulate thermal properties, i.e., Equilibrium Molecular
Dynamics (EMD) and Non-Equilibrium Molecular Dynamics (NEMD). In
EMD, the Green-Kubo method is commonly used to compute thermal
conductivity from the heat current autocorrelation function. It is based
on the linear response theorem [11], hence valid in the linear regime
but invalid in the nonlinear regime [12]. In addition, long simulation
time is needed to get converged heat current autocorrelation function
[13,14]. In NEMD, the thermal conductivity is computed directly from
Fourier’s law
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This method requires a steady temperature gradient and heat cur-
rent. One way is to establish the temperature gradient by keeping the
heat source and heat sink at different temperatures by thermostats, like

Berendsen [15], Nosé-Hoover [16,17] and Langevin [18,19] thermo-
stats. Another typical way is Reverse Non-Equilibrium Molecular Dy-
namics (RNEMD) proposed by Müller-Plathe in 1997 [14], which in-
troduces a heat flux between heat sink and heat source to motivate
temperature gradient. It reverses the cause-and-effect relationship be-
tween heat flux and temperature gradient. The RNEMD method has
been successfully used in various kinds of materials, such as silicon
[20], grapheme [3,21] and carbon nanotubes [1,22], and was proved
effective. Since the heat flux can be directly extracted from the algo-
rithm, it greatly reduces the computation costs. Its convergence time is
similar with other NEMD methods, much shorter than EMD.

The RNEMD method works as follows. For every several time steps,
select N hottest atoms in heat sink and N coldest atoms in heat source,
then swap their velocities. Since the velocity distributions in the slabs
are wide enough, the hottest atoms in heat sink are expected to be
hotter than the coldest atoms in heat source. This operation introduces
a heat flux between the heat sink and the heat source, and finally
reaches a stable state. By changing the frequency of swap operation and
the number of atoms to be swapped, the heat flux applied to the system
can be regulated. The heat flux in each swap operation is given by:
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where Nswap is the number of atoms swapped, m is the mass of atom, vih
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is the velocity of ith hottest atom in heat sink, vic is the velocity of ith
coldest atom in heat source. t is the time interval between each swap
operation. Ly and Lz are the size of system along y direction and
zdirection, respectively, assuming that the heat flux is along x direc-
tion.

It is obvious that the total energy and momentum of the system are
conserved in this algorithm, but the angular momentum is not con-
served. Müller-Plathe guessed that this “should normally not be a
problem” [14]. This is true since the angular momentum flux seems to
be completely random in most cases. But no researches have in-
vestigated when the angular momentum flux will go nonrandom and its
consequence. The influence of the angular momentum non-conversa-
tion in the simulations of heat conduction remains unclear.

Recently, using RNEMD, several researches reported a wave motion
heat conduction mechanism at high heat flux in materials like carbon
nanotubes [23], graphene [24], graphene nanoribbons [25] and hybrid
graphene/silicene monolayers [26]. The wave motion transport mode is
triggered at high heat flux and forms a wave-like temperature profile. It
provides an additional channel of heat conduction and thus greatly
increases thermal conductivity of these materials at high heat flux. In
the view of phonons, a specific low frequency acoustic phonon mode is
enhanced and goes ballistic, resulting in non-Fourier transport of heat.
But unfortunately, this heat conduction mechanism was never demon-
strated experimentally.

In this paper, we reveal that the wave motion heat conduction mode
is just the consequence of the angular momentum non-conservation in
RNEMD. The angular momentum introduced by RNEMD is found to
regularly fluctuate at the frequency of the wave motion. By analyzing
the Pearson correlation coefficient (r) between the angular momentum
flux and the center-of-mass (COM) velocity of slabs, a strong linear
correlation ( >r 0.9) between these two factors at high heat flux con-
firms that the angular momentum flux introduced by RNEMD is the
source of the wave motion heat conduction. Further, we present a
correction to the original RNEMD method to eliminate the regular an-
gular momentum flux and keep the angular momentum flux random at
any heat flux.

2. Method

All the MD simulations in this paper are performed using the
LAMMPS package [27]. Graphene is taken as a case study (silicon cases
in Supplementary material). The computational system contains

×160 20 unit cells with 6400 carbon atoms as shown in Fig. 1. Periodic
boundary conditions are employed in the in-plane directions. The time
step in the whole simulation is set to 0.5 fs. The Tersoff potential [28] is
used to describe the C–C interactions. It is a widely used many-body
potential model for silicon, carbon and germanium, which can be ex-
pressed by
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where fij
C is a cutoff function, −Ae λ rij1 and −Be λ rij2 are repulsive and at-

tractive parts of the Morse potential, respectively. bij denotes the many-
body effects depending on bond angles θijk. Potential parameters mod-
ified for graphene are taken from Lindsay’s research [29].

According to the RNEMD method, the system is divided into 40
slabs in the x direction. The 1st slab is appointed as heat sink and the
21st slab as heat source. First of all, the system is relaxed at 300 K by
the NVT ensemble for 1 ns. Then, run RNEMD for 3 ns to reach a stable
state and another 2 ns to collect time-averaged data. To apply different
heat fluxes, the interval between each velocity swapping operation
ranges from 10 time steps to 200 time steps and the number of swapped
atoms ranges from 1 to 3. We also change the system length since it has
significant influence on the thermal conductivity of grapheme [30].
Then, keeping all other settings the same, we run our improved RNEMD
as a contrast. Details of the improved RNEMD will be discussed later.
For each simulation, we extract the temperature and center-of-mass
velocity (vCOM) of the 40 slabs every 10 time steps. In addition, the
momentum exchange (momentum exchange is proportional to angular
momentum flux), vCOM of heat sink and vCOM of heat source are also
output in each velocity swapping operation.

3. Results of original RNEMD

Typical temperature profiles at a high heat flux of 1580 GWm−2 are
presented in Fig. 2. The wave-like temperature profile is consistent with
that in earlier researches [24]. As described in literature [23–25], the
kinetic temperature, center-of-mass (COM) temperature, real tempera-
ture and center-of-mass velocity are defined as

⎜ ⎟

= ∑

= × ⎛
⎝

= ∑ ⎞
⎠

= ∑ −

=

=

=

T mv

T mv v v

T m v v

(4a)

, (4b)

( ) (4c),

kinetic k N
i

N

i

COM k COM COM N
i

N

i

real k N
i

N

i COM

2
3

1

1
2

2

2
3

1
2

2 1

1

2
3

1

1
2

2

B

B

B (4)

in which kB is the Boltzmann constant, N is the number of atoms in a
slab and vi is the velocity of atom i. Tkinetic represents the total kinetic
energy,TCOM the center-of-mass kinetic energy, andTreal the real internal
kinetic energy. The three definitions of temperature satisfy

= +T T Tkinetic COM real. At such a high heat flux, two separated channels of
heat conduction were thought to play a significant role. One is just the
traditional Fourier’s heat transport, presented by the real temperature
profile. The other is the wave motion heat transport triggered at high
heat fluxes, presented by the COM temperature profile. As shown in
Fig. 2, the wave-like distribution of kinetic temperature comes from the

Fig. 1. Schematic of the simulation system.
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center-of-mass kinetic energy, while the real temperature profile is si-
milar with that at low heat flux. Earlier investigations have demon-
strated that the Fourier’s heat transport part results in the same thermal
conductivity as low heat fluxes, while the wave transport provides an
additional channel of heat transport [23,24]. The percentage of wave-
transported energy could exceed 90% at high heat fluxes. We calculate
the mode temperature of ballistic low frequency ZA phonon (i.e. me-
chanical wave) using spectral phonon temperature (SPT) method [6],
and find it can be higher than ×4 10 K4 .

We then examine the accumulated momentum exchange in RNEMD
(momentum exchange is proportional to angular momentum flux).
Fig. 3a shows the accumulated momentum exchange in a time period of
100 picoseconds, which has an obvious periodicity. The periodic mo-
mentum exchange means a nonphysical regular angular momentum
flux is input into the system. Fig. 3b shows the Fourier transformation
of the accumulated momentum exchange. As expected, the frequency of
the accumulated momentum exchange fluctuation and that of the wave
motion are the same. From the movie (see Supplementary Movie 1), it
can be seen that the heat source acts like a mechanical “wave source”
driven by a periodic force while the heat sink acts like a “wave sink”.
The wave motion is not spontaneous but driven by a periodic force. The
driven force actually comes from the angular momentum flux in the
RNEMD because it is the only possible external excitation in the si-
mulations.

We evaluate the correlation of the momentum exchange and the
center-of-mass velocity (vCOM) of the heat sink in each swap. A sample

of 2000 pairs of data is plotted in Fig. 4a. These two quantities have a
nearly linear correlation, which can be evaluated by the Pearson cor-
relation coefficient (r). The Pearson correlation coefficient between A
and B is given by
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where μA and μB are the average value of A and B, respectively. σA and
σB are the standard deviation of A and B, respectively. The sample data
in Fig. 4a has a high Pearson correlation coefficient =r 0.902, which
means a strong linear correlation. Although our data does not obey joint
normal distribution, the Pearson correlation coefficient can still help us
to compare the degree of correlation in different cases.

Further, we investigate the Pearson correlation coefficient at var-
ious heat fluxes and system lengths as shown in Fig. 5a. The lowest heat
flux reaches 94 GW m−2, which is low enough to be used in the cal-
culation of heat transfer coefficient [30]. The significant increase of r
corresponds to the formation of mechanical wave. The critical heat flux
to trigger the wave-like heat transport mode is about 700 GW m−2,
independent of the system length. At high heat fluxes, the Pearson
correlation coefficient is up to 0.9. It is worth noting that >r 0.15 even
at low heat fluxes, which means there is still a very weak correlation.
This will normally not influence the heat transfer coefficient calcula-
tion, but may have effects on phonon modes.

The computed thermal conductivity at different heat fluxes and
system lengths is shown in Fig. 5b. We can see that k increases sig-
nificantly at high heat fluxes because the excited wave motion provides
an additional heat conduction channel. The critical heat flux when k
increases non-physically is about 700 GW m−2, independent of system
length. The corresponding r is around 0.5, indicating that a medium
linear correlation will lead to errors in thermal conductivity computa-
tion.

We turn our attention to the dependence of momentum exchange on
vCOM of heat sink. In the RNEMD method, the center-of-mass velocities
of slabs were not concerned while selecting the hottest atoms in heat
sink and the coldest atoms in heat source. When vCOM is close to zero,
the angular momentum flux is nearly white noise and has no significant
influence on the computed thermal conductivity. When vCOM is nonzero,
the atom velocities will follow a nearly isotropic distribution super-
imposing the center-of-mass velocity. The highest velocity is in the
same direction of vCOM , and the lowest velocity is close to zero if the
distribution is wide enough. So, the selected “hottest” atom in heat sink
moves in the same direction of heat sink, while the velocity of the
coldest atom in heat source is nearly isotropic but close to zero. As a
consequence, the momentum exchange depends on the center-of-mass
velocity of heat sink. The higher the center-of-mass velocity, the
stronger the dependency. In solid materials, the regular angular mo-
mentum flux enhances specific low frequency acoustic phonon modes

Fig. 2. Profiles of kinetic temperature, COM temperature and real temperature
of original RNEMD at 1580 GW m−2, and profile of kinetic temperature of
improved RNEMD at 1369 GW m−2.

Fig. 3. Accumulated momentum exchange as a function of time (a) and its Fourier transformation (b).
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and forms a positive feedback. When the heat flux is high enough, the
system finally falls into a mechanical wave motion mode.

To test our hypothesis, numerical simulations are performed.
Assuming that the velocities of atoms in each slab consist of a Maxwell
velocity distribution and an additional overall velocity, 2000 swaps are
performed, and the results are shown in Fig. 4b. The joint distribution
exhibits strong linearity and concentrates in the first and third quad-
rants, which is similar to that in Fig. 4a, confirming our hypothesis. It is
also demonstrated that the coldest atoms in heat source have close-to-
zero velocities, and it will not influence the momentum exchange.

4. Improved RNEMD

To eliminate the bias in atom selection, we here suggest an im-
proved RNEMD method. That is, select the hottest and coldest atoms in
the center-of-mass (COM) frames of heat sink and heat source. The
original RNEMD selects the hottest and coldest atoms by kinetic tem-
perature, while our improved RNEMD selects by real temperature. The
heat flux in each swap in the improved RNEMD is given by

Fig. 4. Distribution of momentum exchange and vCOM of the heat sink and their Pearson correlation coefficient in (a) original RNEMD, (b) numerical simulations on
original RNEMD and (c) improved RNEMD.

Fig. 5. (a) Pearson correlation coefficient and (b) Thermal conductivity as a function of heat flux in systems of different lengths using original RNEMD and improved
RNEMD.
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where vih COM, is the velocity of the ith hottest atom in the heat sink COM
frame and vic COM, is the velocity of the ith coldest atom in the heat
source COM frame. All other parameters are the same with those in the
original RNEMD. The correction is reasonable in physics since the
concept of “hot” and “cold” is supposed to be defined in the COM
frames. Meanwhile, the correction retains most properties of the ori-
ginal RNEMD method because it only optimizes the atom selection
strategy.

The temperature profile of the improved RNEMD at a heat flux of
1369 GW m−2 is shown in Fig. 2, which shows good linearity, in good
agreement with the temperature profile at low heat fluxes. The wave-
like temperature profile disappears, so does the wave motion (see
Supplementary Movie 2). Actually, the COM temperature in the im-
proved RNEMD is lower than 2.5 K, which can be ignored. We also
examine the amount of momentum exchange in the improved RNEMD
and vCOM of the heat sink in each swap operation. A set of 2000 pairs
data in the last 20 picoseconds of the simulation is plotted in Fig. 4c. It
can be seen that they distribute more evenly that those in Fig. 4a. The
Pearson correlation coefficient of these 2000 pairs data is only 0.0791,
indicating no linear correlation.

Then we study the dependency of Pearson correlation coefficient on
heat flux and system length. The results are shown in Fig. 5a by dashed
lines. It is clear that the improved RNEMD has a lower r that the ori-
ginal RNEMD at any heat flux. r was controlled below 0.1 in the im-
proved RNEMD at high heat fluxes, which means the dependence is
extremely weak to be ignored. The mechanical wave could not be
triggered at high heat flux in improved RNEMD.

The thermal conductivity k at different heat fluxes and system
lengths is presented in Fig. 5b. At low heat fluxes, the results of the
improved RNEMD and the original RNEMD match excellently. At high
heat fluxes, however, k is influenced by the wave motion heat con-
duction in the original RNEMD, but holds nearly constant in the im-
proved RNEMD. So, it is necessary to check whether the nonphysical
wave motion is triggered in the original RNEMD, but the improved
RNEMD avoids the problem at any heat fluxes. In addition, at any heat
fluxes, the original RNEMD may influence the transport of phonons
because it introduces an extra angular momentum flux to the system,
while the improved RNEMD eliminates it.

Further, we have tested the original and improved RNEMD on si-
licon at various heat fluxes and compared with the results of NEMD
using Nose-Hoover and Langevin thermostats (see Supplementary ma-
terial). Wave motion in silicon is triggered in the original RNEMD at
high heat fluxes and can be eliminated in the improved RNEMD, just
like those in graphene. The computed thermal conductivity using the
improved RNEMD is consistent with that using Nose-Hoover thermo-
stat. The improved RNEMD can be extended to most solid materials and
eliminate the nonphysical angular momentum flux.

5. Conclusions

In this paper, we investigate the influence of angular momentum
flux in RNEMD. At high heat fluxes, the angular momentum flux fluc-
tuates regularly, resulting in an anomalous wave motion transport
phenomenon. The regular fluctuation rises because the center-of-mass
velocity is not concerned in hottest/coldest atom selection in the ori-
ginal RNEMD, and the angular momentum flux is related to the COM
velocity of slabs. We evaluate the correlation using Pearson correlation
coefficient, over 0.9 in the original RNEMD. Then we propose an im-
proved RNEMD in which the hottest and coldest atoms are selected in
COM frames. The improved RNEMD can decrease the Pearson corre-
lation coefficient below 0.1, almost eliminating the correlation. The
improved RNEMD has the following advantages.

1. Inheritance. The improved RNEMD inherits almost all the advantages
of the original RNEMD.

2. Physical rationality. The improved RNEMD defines the hottest and
coldest atoms by real temperature, which is more rational in phy-
sics.

3. Random angular momentum flux. The randomicity of angular mo-
mentum flux in the improved RNEMD is higher than the upper
bound in the original RNEMD at any heat flux. The success of the
improved RNEMD has demonstrated that such a random angular
momentum flux is acceptable.

4. Constant thermal conductivity. The improved RNEMD gives the same
thermal conductivity as the original RNEMD at low heat flux and
keeps constant when heat flux goes high but the original RNEMD
loses efficiency.

When using the original RNEMD to simulate nanoscale heat trans-
port in solid materials, it is necessary to keep an eye on the angular
momentum flux introduced by algorithm and keep alert when it loses
randomness. However, the improved RNEMD ensures the randomness
of angular momentum flux and works no worse than the original
RNEMD at any heat fluxes, so it is more convenient and efficient.
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